From the early days of quantum mechanics the problem of nding a position operator was considered. In the case of non-relativistic quantum mechanics and also for massive particles in relativistic quantum mechanics, this operator was found. But unfortunately when one tries to nd the position operator for massless particles, one nds an operator which has non-commuting components and thus one reaches the conclusion that massless particles are not localizable. In this work it is shown that the reason for this is that the canonical commutation relation between coordinates and momenta is not the same for massive and massless particles. The correct commutation relation for massless particles is obtained and the corresponding position operator which has commuting components is derived. PACS 03.65-Quantum Theory, Quantum Mechanics.
x1. INTRODUCTION
The notion of position operator has its roots in the early days of the birth of quantum mechanics. Although in the Copenhagen interpretation of quantum mechanics, the concept of position, and therefore path of the particle, is meaningless, nevertheless there must exist an operator called position operator having the property that its expectation value in the classical limit would behave classically. In other words, any macroscopic object has position. In quantum mechanics, one deals with elementary systems which means any system whose state has a de nite transformation under Poincare group (or under Gallileo group in the non-relativistic case). An elementary particle, then, can be de ned as an elementary system which has no constituents. In this way, electron is an elementary particle while Hydrogen atom is an elementary system only. In dealing with elementary systems one works only with generators of Poincare group as physical observables rather than the position of the system. Clearly it is natural to search for a position operator as an observable whose eigenvalues are the possible positions of an elementary particle or the center of mass position of an elementary system. Unfortunately when one restricts himself to the positive energy manifold, the operator ir p is no longer hermitian.
The problem of nding the position operator in the framework of nonrelativistic quantum mechanics, where the symmetry of space-time is the Gallileo group, is simple: 1;3] Serious work on relativistic case began after the works of Pryce and Newton-Wigner: 2] They found a position operator, which we call it Pryce-Newton-Wigner operator, having the foregoing property. Until now, a lot of theoretical works has been done on this operator: 3] In spite of these investigations concerning the position operator, the following problem observed by Pryce and Newton-Wigner, is still unsolved. When one tries to write down the position operator for massless particles with non-zero helicity (e.g. photons), one encounters inconsistency. Technically speaking, one is not able to write a position operator having commuting components for such particles. This is a serious problem, as photon would not be localizable. If you measure some component of the photon's position, its other components could not be determined precisely, as Heisenberg's uncertainty principle dictates. It can be shown that the localizability problem is related to causality: 4] Some people have tried to overcome the problem by rejecting or weakening the NewtonWigner postulates for the derivation of the position operator: 5] They assume that the probability of nding the particle in a volume V consisting of volumes V 1 and V 2 with empty intersection is not equal to the sum of the probabilities of nding the particle in V 1 and V 2 . This is not a physically reasonable assumption, and still has the causality problem.
In this work, we look more carefully at the meaning of the position operator and shall show that for massless particles the canonical commutation relation is not Q i ; P j ] = i ij . It will be shown that using the correct form of this commutation relation one arrives at a position operator for massless particles which has commuting components.
x2. POSITION OPERATOR FOR MASSIVE PARTICLES
In quantum mechanics, observables are identi ed by hermitian linear operators with their eigenvalues as allowed results of any measurement of that observable. The essential problem is: what are the observables and their corresponding operators. This can be answered in a formal way. Events occure in space and time and thus it is natural to look for the symmetries of the space-time, which is according to the special theory of relativity, the Poincare group.
The Poincare group consists of space and time translations, rotations and boosts generated by hermitian operatorsP, H,J andK respectively. To these operations space inversion with unitary operator and time reversal with antiunitary operator T must be added. All of our knowledge about these operators are their commutation relations: (6) whereQ must be identi ed as the position operator of the particle,L =Q P as the orbital angular momentum andS as the spin. Using the canonical commutation relation: Q i ; P j ] = i ij (7) and after some algebra, one can show: 
x3. GENERAL PROPERTIES OF POSITION OPERATOR
In previous section we saw that the symmetries of space-time can be used to obtain the position operator. At the end,Q is di erent from~ which labels a point in space. This is an important result. Space-time itself can be viewed as a quantum mechanical system determined by the two following eigenvalue problems: jx; ti =xjx; ti (16) jx; ti = tjx; ti (17) and the state of space-time is a superposition of jx; ti. This is not fully compatible with quantum mechanics, because there is no evolution and one cannot go furthur. (In fact if one knows about space-time evolution then one knows about quantum gravity.) This is not important for our present purpose. Only this fact must be considered thatx and t correspond to space-time and not to the particle.
In the previous section when the Pryce-Newton-Wigner position operator was derived the canonical commutation relation (7) had a centeral role. Let us look at this relation more carefully. Suppose the position operator is constructed and its eigenvalues are as follows: This means that: when you have a particle localized atq and translate the reference frame, the particle is not localized atq. If instead equation (7) holds then one get:
which reads as: translation of reference frame is equal to translation of the particle. Why these two operations are equal? This is because for a massive particle one can always transform to the rest frame of the particle, in which the particle is attached to the spacetime.
Now the di culty for massless particles is apparent. Any massless particle must move with unit velocity (for such particles H 2 = P 2 and thus u 2 = H ?2 P 2 = 1) and it is a well-known result of Poincare transformations that there is no rest frame for such particles { they move with unit velocity in any reference frame. Thus one cannot use the commutation relation (7). Let us calculate what is the commutation relation ofQ andP, for a massless particle.
Let the velocity of the particle beũ with u 2 = 1 and suppose we want to calculate Q 2 ; P 1 ]. So we choose~ = ê 1 and transform to a frame in which u 0 1 = 0. For simplicity we assume that the translation of reference frame is dynamic, i.e.: = u 1 t 0
During time t 0 , the particle moves inê 2 direction by u 0 2 t 0 which when transformed to the initial frame is equal to u 2 t ?2 (u 1 ). From this amount u 2 t must be subtracted because we assume that the translation to be dynamic. The net change in Q 2 is: so on using equation (20) we conclude that i Q 2 ; P 1 ] = ? u 1 u 2 or in general: Q i ; P j ] = iH ?2 P i P j (24) This equation is the analogous to equation (7) and must be used for massless particles. It is worthwhile to note that equation (24) is covariant (i.e. is compatible with equations (1)) and thus it is independent of the way it is constructed.
Note that the commutation relation (24) In fact if one starts with massless representations of Poincare group the position operator obtained has not commuting components if one uses the canonical commutation relation (7). Thus this leads to non-localizability (which is equal to the lack of causality). This is because the correct commutation relation for position and momentum is not used. In this section we shall show that using equation (24) one will arrive at a position operator with commuting components.
For massless representations one has: H 2 = P 2 (27)
HJ +P K =P (29) where is the helicity operator having eigenvalues h (for photon h = 1). It can be shown that these equations leads to a non-commuting position operator except in the case of zero helicity: 3] As it is shown in the previous section for massless particles the commutation relation (7) must be replaced by one given in equation (24) . Thus the problem is nding an operator satisfying relations (11)-(15) and (24). This operator can be only of the forms f(P ) K , g(H)P J and h(H)P (P K ) because of the character of position operator under space inversion and time reversal. The above equations may be used to solve for f, g and h. The nal result after symmetrization is as follows:
This position operator has commuting components and all other commutation relations are correct. Now, we should be careful about two points: First; since we nd the complete solution of commutation relations, our position operator is unique up to a canonical transformation (which leaves equation (24) unchanged, not equation (7)). Second; according to equation (24) our position operator is not an ordinary vector under translations. It is not a free vector, i.e. when one translate the reference frame the position operator of massless particles does not move rigidly.(This is apparent from the fact thatL = 0)
x5. CONCLUSION
Since a massless particle has no rest-frame, translation of the reference frame is not equal to translation of the particle. Therefore one cannot use the canonical commutation relation (7) which is the principal assumption of Newton and Wigner. On using the transformation properties of such particles one is able to derive the correct canonical commutaion relation given by equation (24). This in turn leads to a position operator for massless particles which has commuting components. We believe that this is the correct position operator for such particles.
